Abstract. In this paper we prove a Kunneth formula for Bredon cohomology for actions of a pullback of groups. We show how this formula can be used to compute orbifold twisted K-theory for some discrete twistings. Using that result, we compute orbifold K-theory for some 6-dimensional orbifolds introduced by Vafa and Witten. These examples also show the limitations of the method.
Introduction
One of the useful tools in singular cohomology is the Kunneth formula. Let X and Y be topological spaces, it allows to compute H * (X × Y ) given knowledge of H * (X) and H * (Y ). An interesting problem is to extend that result to extraordinary cohomology theories. A remarkable case is equivariant K-theory, introduced by Segal in [Seg68] and defined for proper actions of discrete groups in [LO01] . Let Γ be a discrete group acting properly on spaces X and Y , one wants to compute K * G (X × Y ) in terms of K * When the maps π 1 and π 2 are clear from the context we denote this pullback by G × K H.
If X is a proper G-CW-complex and Y is a H-CW-complex, the space X × Y is naturally a Γ-CW-complex. In Theorem 3.11 we provide a Kunneth formula computing Γ-equivariant Bredon cohomology of X × Y in terms of Bredon cohomology of X and Y .
One of the advantages to work with pullbacks is that this includes some interesting cases. For example
• If K is the trivial group we obtain a Kunneth formula for the action of the direct product G × H over X × Y .
• If K = G = H, we obtain a Kunneth formula for the diagonal action of G over a product X × Y .
On the other hand if we take Bredon cohomology with constant coefficients we obtain a Kunneth formula for group cohomology of pullbacks.
As our main application in Corollary 4.8 and Theorem 4.12 we compute the orbifold K-theory and twisted orbifold K-theory (for an specific twisting) of some celebrated examples presented in [VW95] .
These orbifolds are 6-dimensional, this makes very difficult to compute their K-theories directly. Using our formula we obtain a simple calculation of it. These examples also show the limitations of our method (Remark 4.9). This paper continues the work started in [BJV13] where some calculations concerning pullbacks of groups were made. We clarify some questions that appear in that work about the computation of twisted K-theory for pullbacks.
Tensor product of Bredon modules
In this section we introduce the notion of tensor product of Bredon modules over a Green functor.
Let R be a commutative ring with unity. Let Or(G) be the orbit category of G; it is a category with objects G/H for each subgroup H ⊆ G and with morphisms given by G-equivariant maps where every G-equivariant map G/H → G/K is multiplication by an element g ∈ G such that gHg −1 ⊆ K. In a similar way one can also define the orbit category relative to a family of groups F , which we denote by Or F (G). For more information about Or F (G) the reader can consult [DL98] .
Recall that a Bredon R-module over F (or simply a Bredon module over F if R is clear from the context) is a contravariant functor 
Example 1.2. Let R be a commutative ring with unity. The trivial functor R : 
which associates to every object G/H with H ∈ F IN its representation ring R(H). The representation functor is a Green functor. Now we will define a notion of tensor product of Bredon modules over a Green functor. To define it we need to recall the notion of module over a Green functor. Definition 1.4. Let N be a Green functor over Or F (G). An Nmodule consists of a Bredon module M over Or F (G) and a natural transformation N × M → M such that for every subgroup P ∈ F , each pairing morphism
endows to M(G/P ) with a unitary N (G/P )-module structure. Definition 1.5. Let F a family of subgroups of G. Let f : G → K be a group homomorphism, and let N be a Green functor over Or f (F ) (K) we define the Green functor f * N over Or F (G) as follows
Example 1.6. Let Γ be a group as in the diagram (0.1). The Bredon
Definition 1.7. Let Γ be a group coming from a diagram (0.1). Let F be a family of subgroups of K, F 1 be a family of subgroups of G and F 2 be a family of subgroups of H. We say that (F , F 1 , F 2 ) are a sequence of compatible families of subgroups for Γ if π 1 (F 1 ) ⊆ F and π 2 (F 2 ) ⊆ F .
Let (F , F 1 , F 2 ) be a sequence of compatible families of subgroups of Γ, we denote by F 1 × F F 2 to the family of subgroups of Γ defined as
Definition 1.8. Consider the diagram (0.1). Let (F , F 1 , F 2 ) be a sequence of compatible families of subgroups for Γ. Let N be a Bredon module over Or F (K), let M 1 be a (π * 1 N )-module over Or F 1 (G) and M 2 be a (π * 2 N )-module over Or F 2 (H). We define the tensor product
Bredon cohomology associated to twisted K-theory
In this section we briefly recall the definition of Bredon cohomology with coefficients in a Bredon module, then define twisted K-theory for discrete torsion and using the coefficients of this theory we define a Bredon module associated to twisted K-theory.
Bredon cohomology.
Definition 2.1. Let F be a family of subgroups of G. A G-CW complex is a CW complex with a G-action permuting the cells and such that if a cell is sent to itself, this is done by the identity map. A F -G-CW-complex is a G-CW-complex where all cell stabilizers are elements of F . A F IN -G-CW-complex is called a proper G-CW-complex.
Let X be a F -G-CW-complex. The cellular chain complex of X is defined as the Z-graded Bredon module
together with a boundary map
n−1 (X) induced from the cellular boundary map, with ∂ 2 = 0. Consider two Bredon modules M and M ′ , we denote by
the abelian group of natural transformations from M to M ′ . Let X be a F -G-CW-complex and M a Bredon module over Or F (G), we define the Bredon cochain complex with coefficients in M as
The homology of this complex is called the Bredon cohomology of X with coefficients in M with respect to the family F , denoted by H * F (X; M) or also by H * G (X; M) when the family F is clear from the context. 2.2. Twisted K-theory. Equivariant twisted K-theory was defined by Atiyah and Segal in [AS04] for actions of compact Lie groups. The case of proper actions of discrete groups was treated in [BEJU14] for general twistings. On the other hand, the approach in [AR03] for orbifold twisted K-theory for discrete torsion has the advantage of a more concrete description using finite dimensional vector bundles. As is showed in [Dwy08] , the last approach can be adapted to the case of proper actions of discrete groups and discrete torsion. In this section we briefly recall this construction.
Let V be a finite dimensional complex vector space, let GL(V ) be the group of invertible linear transformations of V . Consider the central extension
We denote the quotient group in the above extension by PGL(V ).
Definition 2.3. A projective representation of G is a pair (ρ, V ) where V is a finite dimensional complex vector space and
is a homomorphism.
Now if we choose a map (not a homomorphism)
such that π • f = id and take the pullback of the extension 2.2, we have a commutative diagram
Consider the map σ = f • ρ and define
An straighforward calculation shows that α ∈ Z 2 (G; C * ).
Definition 2.4. Let V be a complex vector space. Let us fix α ∈ Z 2 (G;
Notice that α has to be a cocycle in
The direct sum of two α-twisted representations is again an α-twisted representation. We denote by R α (G) to the Grothendieck group associated to the monoid of isomorphism classes of α-twisted representations of G.
The tensor product of an α-twisted representation with a β-twisted representation is an (α + β)-twisted representation. It can be extended to Grothendieck groups obtaining a product
An interesting property of the groups R α (G) is the following.
Theorem 2.5. If α is cohomologous to β, then there is a bijective correspondence between α-twisted representations of G and β-twisted representations of G, and an isomorphism of abelian groups
More details on projective representations can be found in Section 2 of [Dwy08] or in [Kar94] . Now we recall the definition of equivariant twisted K-theory for this kind of twistings. Let α ∈ Z 2 (G, S 1 ) be a torsion cocycle of order n. One can assume that the cocycle takes values in Z/nZ ⊆ S 1 . We call such a cocycle normalized. Then we can assign to α a central extension of G by Z/nZ as follows.
where G α as a set is G × Z/nZ and if we denote by σ a fixed generator of Z/nZ, the product is given by
We have the following theorem. For a proof consult [Dwy08] .
Theorem 2.7. Let G be a finite group and let α be a 2-cocycle taking values in Z/nZ. There is a bijective correspondence between α-twisted representations of G and representations of G α where σ acts by multiplication by e 2πi/n Definition 2.8. Let G be a discrete group and α ∈ Z 2 (G, S 1 ) be a normalized cocycle of finite order n, consider the central extension (2.6) associated to α. Let X be a finite, proper G-CW-complex. An α-twisted G-vector bundle over X is a complex G α -vector bundle p :
(ii) The action of Z/nZ on E is given by multiplication by e 2πi/n on the fibers.
If E and F are both α-twisted G-vector bundles, then so is E ⊕ F . Then one can consider the monoid of isomorphism classes of α-twisted vector bundles with the operation of direct sum. Let α K G (X) the associated Grothendieck group. Similarly to the case of twisted representations, α K G (X) is not a ring, but we have an external product
analogous to the product in twisted representations. For details on this product see Theorem 3.4 in [Dwy08] . One crucial property of the above construction of twisted K-theory is the following. Consider an extension as (2.6), we have an inclusion
for every finite proper G-CW-complex. It allows to extend many results obtained for equivariant K-theory for proper actions to the twisted case.
In particular results from [LO01] .
Definition 2.9 (Def. 4.4 in [AR03] ). Suppose that X/G (With G a finite group) is a quotient orbifold, and let α ∈ Z 2 (G; S 1 ) be a torsion 2-cocycle, then one can define its α-twisted orbifold K-theory just as its α-twisted G-equivariant K-theory, in other words
There is a more general definition of twisted K-theory taking twistings as projective unitary stable equivariant bundles, they are classified by third degree integer cohomology classes of X × G EG (see [AS04] and [BEJU14] ). However given a torsion cocycle α ∈ Z 2 (G; S 1 ) it is possible to associate a projective unitary stable equivariant bundle to α in such way that both definition of twisted K-theory are equivalent in this case. For details see Sec. 5.4 in [BEUV13] .
2.3. The Bredon module of projective representations. Fix a normalized torsion cocycle α ∈ Z 2 (G, S 1 ). We define a Bredon module R α over Or F IN (G). On objects its defined by R α (G/H) = R α (H) and on morphism as follows, if φ :
where the first map is the pullback of the inclusion i : gHg −1 → K and the last one is the pullback of the isomorphism induced by conjugation by g.
Definition 2.11. Let X be a proper G-CW-complex. The graded group H * G (X; R α ) is called the α-twisted Bredon cohomology of X. 2.4. Spectral sequence. There is an spectral sequence constructed by Davis and Luck converging to equivariant K-theory for proper G-CW-complexes whose E 2 -term is given in terms of Bredon cohomology. One can adapt this spectral sequence to be used in the case of twisted K-theory for discrete torsion. For a more general approach the reader can consult [BEUV13] .
Theorem 2.12. Let X be a finite G-CW-complex and let α ∈ Z 2 (G, S 1 ) be a normalized torsion cocycle. Then there is a spectral sequence with
Pullback of groups
Let Γ be a group as in diagram (0.1). In this section we describe the representation ring of a finite subgroup of Γ in terms of the representation rings of finite subgroups of G, H and K. Using that description and the algebraic Kunneth formula we obtain the main result of the paper.
If the group Γ comes from a diagram (0.1) then it is isomorphic to a subgroup of
3.1. The representation ring of a pullback. Consider a pullback diagram of finite groups
/ / S If we apply the representation ring functor we obtain the following diagram
We will prove that diagram (3.2) is a pushout. In other words we have the following theorem.
Theorem 3.3. Let Λ, Q, P and S be finite groups as in diagram (3.1).
There is a ring isomorphism
Proof. In order to avoid confusion, in this proof we denote the product on R(Λ), R(P ) and R(Q) by · and the generators of the tensor product by ρ ⊗ γ. The map m is defined as
. First we prove that the map m is well defined. Let ξ ∈ R(S), ρ ∈ R(P ) and γ ∈ R(Q), it is enough to prove that the elements
Now we will prove that m is an isomorphism. Consider the following diagram with exact rows
/ / 0 where map π is the quotient by all relations defining the tensor product over R(S), the map i * is the pullback of the inclusion i : Λ → P × Q, the map m 1 is the natural isomorphism given by tensor product over Z and the map m 2 is the restriction of m 1 to ker(π). We will prove that the above diagram is commutative and that m 2 is an isomorphism.
First we need to verify that
Now we prove that ker(i * ) = m 1 (ker(π)). For this we will prove that if f is a class function in P × Q such that i * (f ) ≡ 0 and f is orthogonal to every character in m 1 (ker(π)), then f has to be zero.
Suppose that for every ξ ∈ R(S), ρ ∈ R(P ) and γ ∈ R(Q)
Let us fix ρ ∈ R(P ) and let
We observe that η is a class function on P that is orthogonal to every ρ in R(P ), then η ≡ 0. By a similar argument we conclude that for every (g, h) ∈ P × Q and ξ ∈ R(S)
We already know that f (g, h) = 0 if (g, h) ∈ Λ, then let (g, h) / ∈ Λ, we have two cases. First suppose that π 1 (g) is conjugate to π 2 (h) in S, in this case there ish ∈ Q such that (g,hhh −1 ) ∈ Λ and then f (g, h) = f (g,hhh −1 ) = 0. Suppose now that π 1 (g) is not conjugate to π 2 (h) in S, in this case there is ξ ∈ R(S) such that Ch(ξ)(π 1 (g)) = Ch(ξ)(π 2 (g)) and equation (3.4) gives us that f (g, h) = 0. Then we conclude that ker(i * ) = m 1 (ker(π)). The map m 2 is an isomorphism because it is the restriction of m 1 and since the diagram is commutative we conclude that m is a ring isomorphism.
An analogous result is valid considering the twisted representation group.
Corollary 3.5. Let Λ, Q, P and S be finite groups as in the diagram (3.1). and let α ∈ Z 2 (P ; Z/nZ) be a normalized torsion cocycle. There is an isomorphism of R(S)-modules
Bredon cohomology of pullbacks. If X is a proper G-CWcomplex and Y is a proper H-CW-complex, the product X × Y has a natural structure of (G×H)-CW-complex with each cell corresponding to a product of cells of X and Y . Since Γ is a subgroup of G × H by Corollary 3.4.4 on [MS06] we can suppose that X × Y has a structure of Γ-CW-complex. For this Γ-space we have the following version of the Eilenberg-Zilber theorem.
Proposition 3.6 (Eilenberg-Zilber). Let X be a proper G-CW-complex and Y be a proper H-CW-complex. There is a natural equivalence of
It is a well know fact that we have an isomorphism of chain complexes
We only need to verify that it is a natural transformation. Consider
We need to prove that the following diagram commutes
.
But this is clear because
Then we have a natural equivalence of Bredon modules analogous to the isomorphism in Theorem 3.3.
Theorem 3.7. There is a natural equivalence of Bredon modules
Proof. The mapm is defined using the isomorphism in Theorem 3.3.
where m P,Q is the isomorphism in Theorem 3.3 for the group P × π 1 (P ) Q.
We only need to verify that this map is natural. Consider a morphism
recall that this morphism is characterized by the condition
Following the notation in the proof of Theorem 3.3, we have
And the last terms of both expressions are the same because pullbacks commute with restrictions on the representation ring. Then the map m is natural.
For a Bredon module M over Or F (G) one can define the Bredon cohomology groups of G with coefficients in M by
where Ext i is certain functor generalizing the Ext-functor defined for groups to the context of Bredon modules. For details consult [MV03] on pages 7-27.
In particular we have the following result Proposition 3.8. There is an isomorphism
where we are taking the inverse limit with respect to the induced morphism from the orbit category Or F (G).
If M is a Green functor it endows every M(G/K) with an H 0 (G; M)-module structure.
Theorem 3.9. Let M, M ′ and N be Bredon modules over G, H and K respectively, suppose that M is a π * 1 N -module and M ′ is a π * 2 N -module. Then there is an isomorphism of
Proof. At degree n the left hand side cochain complex is e λ ,fµ
At degree n the right hand side is
There is an isomorphism of cochain complexes of H 0 (K; N )-modules from the right hand side to
Then the H 0 (K; N )-module
is isomorphic to
Given that isomorphism is compatible with the coboundary map, then we have an isomorphism of cochain complexes.
In order to obtain a Kunneth formula for Bredon cohomology of a Γ-CW-complex X ×Y we need to recall the algebraic Kunneth formula, for a proof see for example [Wei94, Thm. 3.6 .3].
Lemma 3.10. Let R be a commutative ring with unity and let (C, d) and (C ′ , d ′ ) be R-cochain complexes, if C n and d(C n ) are flat for each n then there is a split exact sequence
Finally we can introduce our main result.
Theorem 3.11 (Kunneth formula for Bredon cohomology of pullbacks). Let Γ be a group coming from a diagram (0.1) and suppose that (F , F 1 , F 2 ) is a sequence of compatible families of subgroups of Γ. Let N be a Green functor over
Proof. It is a immediate consequence of Theorems 3.6, 3.9 and Lemma 3.10.
Examples and applications
In this section we apply Theorem 3.11 in different cases. In particular, we compute Bredon cohomology with coefficients in representations of the classifying space for proper actions for important examples studied in [VW95] . As a consequence we obtain a computation of twisted orbifold K-theory α K * (T 6 /(Z/2Z) 2 ) for some discrete twisting α.
Remark 4.1. Theorem 3.11 has the following consequences:
(i) Consider the direct product of two discrete groups G × H as a pullback over the trivial group acting over a (G × H)-CWcomplex. Applying Theorem 3.11 we obtain the well known Kunneth formula for direct product of groups. In this case the tensor product is taken over Z.
(ii) Consider the following pullback diagram over a finite group G
If we apply Theorem 3.11 to the above pullback we obtain a Kunneth formula for Bredon cohomology of the product of two G-spaces with the diagonal G-action. In this case the tensor product is taken over N (G).
On the other hand if we consider the trivial family and the constant Bredon module R (where R is a commutative ring with unity) with the G-space EG and the H-space EH we obtain the following Kunneth formula for group cohomology of pullbacks Theorem 4.2 (Kunneth formula for group cohomology of pullbacks). Let R be a PID. There is a split exact sequence
Proof. Notice that the Γ-space EG × EH is a model for EΓ. Applying Theorem 3.11 to the Γ-CW-complex EG×EH we obtain the result.
Consider the Bredon modules R and R α defined on the family of finite subgroups. Applying Theorems 3.3 and 3.11 we obtain the following theorem.
Theorem 4.3 (Kunneth formula for Bredon cohomology of proper actions with coefficients in representations). Let X be a proper G-CWcomplex, let Y be a proper H-CW-complex. Let α ∈ Z 2 (G; Z/nZ) be a normalized torsion cocycle of G. There is a split exact sequence
When the group K is finite one can substitute H 0 (K; R) in the above formula by the representation ring R(K).
The Vafa-Witten groups.
Here we apply the above results to compute the Bredon cohomology with coefficients in twisted representations for the classifying space for proper actions of the Vafa-Witten groups defined in [VW95] . Using that computation and the Atiyah Hirzebruch spectral sequence we obtain some computations of twisted and untwisted orbifold K-theory groups associated to the action of these groups on R 6 . From now on, the cyclic group Z/4Z will be seen as the set of 4-th roots of unity generated by ω = e 2πi 4 . 4.1.1. The group Z 6 ⋊Z/4Z. Consider the action of Z/4Z on Z 6 induced from the action of Z/4Z on C 3 , given by
We denote the Z 6 with the above Z/4Z-action by M. Now we take the semidirect product
Note that we have the following decomposition of Z/4Z-modules
where M 1 has rank one and the generator acts by multiplication by −1; M 2 has rank two and the generator acts by multiplication by i. This decomposition induces a decomposition of the group M ⋊ Z/4Z as the multiple pullback
Remark 4.5. If we divide C 3 by M, we have an action of Z/4Z over T 6 . Let Y 1 = T 6 /(Z/4Z) the associated orbifold.
For simplicity we denote M 1 ⋊ Z/4Z by G and M 2 ⋊ Z/4Z by H. Consider R with the G-action defined as follows. Let (n, ω) ∈ G and
A G-CW-complex decomposition for R is given by 0-cells
The first column is an enumeration of equivalence classes of cells; the second lists a representative of each class; the third column gives a generating element for the stabilizer of the given representative; and the last one is the isomorphism type of the stabilizer. The inclusions i j : stab(e 1 ) → stab(v i ) (i = 1, 2) are given by multiplication by 2.
We use the following notations
The Bredon cochain complex of R with coefficients in R has the form
The map δ is i * 1 − i * 2 . Note that δ is surjective therefore Now let us consider the group H. Let (n, m, ω) ∈ H and z ∈ C, define a H-action on C as follows (n, m, ω) · z = (n + im) + ωz.
A H-CW-complex decomposition for C is given by 0-cells
0 With similar conventions to the case of the action of G over R.
•
In this case the boundary is given by ∂T = 0, ∂b 1 = a 2 − a 1 and ∂b 2 = a 3 − a 2 . We denote i l,m : stab(b m ) → stab(a l ) the inclusion.
The Bredon cochain complex with coefficients in representations has the form
Here, the map ǫ is defined as follows. Let ρ i ∈ R(H/stab(a i )), then Then we have proved the following result.
Theorem 4.6. Let H and G be the groups defined above. There is an isomorphism of R(Z/4Z)/I-modules
Moreover all modules are projective.
Since all the above modules are projective, in the corresponding Kunneth formula the term with Tor is zero and then we have a complete calculation of the Bredon cohomology groups of EΓ with coefficients in representations.
Since the Bredon cohomology groups of C 3 are concentrated at even degree, the Atiyah-Hirzebruch spectral sequence of Theorem 2.12 collapses at level 2 and we have also a complete calculation of (M ⋊Z/4Z)-equivariant K-theory of C 3 , it is the same as the orbifold K-theory of Y 1 .
Corollary 4.8. There is an isomorphism of Z-graded, R(Z/4Z)-modules
Remark 4.9. For any non trivial torsion cocycle β ∈ Z 2 (Γ; Z/nZ) our method cannot to be used to compute H * M ⋊Z/4Z (C 3 ; R β ) because from calculations contained in [AP06] we know
Then it is not possible to obtain a non-trivial 2-cocycle of M ⋊ Z/4Z coming from non trivial 2-cocycles of G or H.
The group
Consider the action of (Z/2Z) 2 on C 3 , given on generators by
We denote Z 6 with the induced action of (Z/2Z) 2 by N. Using the above action we define the semidirect product N ⋊ (Z/2Z) 2 . Note that we have the following decomposition of (Z/2Z) 2 -modules:
where N 1 has rank one and σ i , i = 1, 2, act by multiplication by −1; N 2 has rank one, σ 1 acts by multiplication by -1; σ 2 acts by multiplication by 1; and N 3 has rank one and σ 1 acts by multiplication by 1 and σ 2 acts by multiplication by -1. That decomposition gives us a decomposition of the group N ⋊ (Z/2Z) 2 as the multiple pullback of six groups over (Z/2Z) 2 : two copies of each N j ⋊ (Z/2Z) 2 , j = 1, 2, 3.
Remark 4.10. If we take a quotient by Z 6 , we have an action of (Z/2Z) 2 over T 6 . Let Y 2 = T 6 /(Z/2Z) 2 the associated orbifold.
We will construct a nontrivial torsion cocycle We denote by β 1 ∈ Z 2 (N 1 ⋊ (Z/2Z) 2 ; Z/2Z) the cocycle associated to extension (4.11), and by β ∈ Z 2 (N ⋊ (Z/2Z) 2 ; Z/2Z) to the pullback of β 1 on the group N ⋊ (Z/2Z) 2 . Now we compute H * In order to obtain H * N ⋊(Z/2Z) 2 (C 3 ; R β ) we need to calculate H * N j ⋊(Z/2Z) 2 (R; R) for j = 1, 2, 3.
First notice that the groups N j ⋊ (Z/2Z) 2 are isomorphic for j = 1, 2, 3 and then it suffices to calculate for j = 1.
In this case the Bredon cochain complex takes the form where I = (γ 1 − γ 2 , 0) . Since all above modules are projective, in the corresponding Kunneth formula the term with Tor is zero and then using Theorem 4.3 we have a complete calculation of the Bredon cohomology groups of C 3 with coefficients in β-representations.
Theorem 4.12. There is an isomorphism of Z-graded, R((Z/2Z) 2 )-modules
Finally, because as all above modules are free over Z by Proposition 5.8 in [LO01] we have the following result Remark 4.14. Although we use Theorem 4.3 to compute twisted Ktheory for a very particular twisting, one could follow the same strategy in order to compute α K * orb (T 6 /(Z/2Z) 2 )
for every α coming from 2-cocycles of G or H.
